Let T be the set of ground terms over a nite ranked alphabet . We de ne partial automata on T and prove that the nitely generated congruences on T are in one-to-one correspondence (up to isomorphism) with the nite partial automata on T with no inaccessible and no inessential states. We g i v e an application in term rewriting: every ground term rewrite system has a canonical equivalent system that can be constructed in polynomial time.
Introduction
The Myhill-Nerode Theorem is a classic result in the theory of nite automata. It dates to work of Myhill 13] and Nerode 14] in the late 1950s, but is still today considered one of the most important results in the subject. It has numerous applications, especially in showing that certain sets are regular or certain apparently stronger types of automata are really no more powerful than nite automata. Nevertheless, its statement and proof are elementary enough that it can be taught i n i n troductory courses.
The Myhill-Nerode Theorem exploits a fundamental connection between combinatorics and algebra to give a particularly satisfying characterization of the regular sets over a nite alphabet. As presented in a standard undergraduate text 9], it states:
Myhill-Nerode Theorem 13, 14] Let R be a set of strings over a nite alphabet . The following three p r opositions are e quivalent:
(i) R is accepted by a nite automaton (ii) R is a union of classes of a right-invariant equivalence r elation of nite index (iii) the relation R is of nite index, where x R y i 8z 2 xz 2 R $ yz2 R :
The equivalence of (i) and (ii) is generally established using the following lemma:
Correspondence Lemma Up to isomorphism, there is a one-to-one correspondence b etween the right-invariant equivalence r elations of nite index on and deterministic nite automata over with no inaccessible states.
Essentially, the states correspond to the equivalence classes, and the property o f r i g h t i n variance allows the deterministic transition function to be de ned unambiguously on equivalence classes.
The Myhill-Nerode Theorem generalizes in a straightforward way t o a utomata on nite trees. This generalization rst came to light in the late 1960s, ten years after Myhill and Nerode's work, and can be attributed to a combination of results of Brainerd 2, 3 ], Eilenberg and Wright 5 ] , a n d Arbib and Give'on 1], although one must also credit Thatcher and Wright 17] in this context with the development of the algebraic approach t o a utomata on nite trees, which a l l o ws \conventional nite automata theory to go] through for the generalization|and: : : quite neatly " 17] . A particularly easy proof of this generalization in the style of 9] can be found in 12] .
In the Thatcher-Wright approach to automata on nite trees, the elements of are assigned nite arities, and instead of strings one works with the ground terms T over . A deterministic nite tree automaton over is just a nite -algebra A, consisting of a nite carrier jAj and a distinguished n-ary function f A : jAj n ! j A j for each n-ary symbol f 2 . This de nition includes the nullary case (n = 0), in which the function symbol is called a constant and interpreted as an element o f jAj. By analogy with the combinatorial treatment o f 9 ] , w e call elements of jAj states.
Since T is the free -algebra on the empty set of generators, there exists a unique -algebra homomorphism : T ! A :
This map assigns a unique state (t) t o e a c h term t in an inductive fashion, and is analogous to \running" the automaton on input t. A state is said to be accessible if it is (t) for some term t.
An equivalence relation R on T is said to be recognized by the automaton A if the kernel of (i.e., the relation f(s t) j (s) = (t)g) re nes R. Myhill-Nerode Theorem for trees 3, 5, 1] Let R be a n e quivalence relation on T . The following three p r opositions are e quivalent:
(i) R is recognizable (ii) there exists a congruence o n T of nite index re ning R (iii) the relation R is of nite index.
The Myhill-Nerode theorem for strings corresponds to the special case of a single nullary operator and several unary operators.
In the algebraic approach, the tree version of the Correspondence Lemma reduces to an elementary fact of universal algebra: up to isomorphism, the homomorphic images of T and the congruences on T are in one-to-one correspondence. The correspondence is given by the quotient construction 7 ! T = in which it is readily observed that the quotient is nite i the corresponding congruence is of nite index.
In 10, 11], we i n vestigated the complexity o f v arious decision problems in -algebras presented by nite sets of ground equations over T that is, quotients of T modulo nitely generated congruences on T . W e s h o wed, among other results, that every such algebra has a minimal canonical presentation that is unique up to isomorphism.
This result has an interesting interpretation in terms of the Myhill-Nerode
Theorem. First, we note that every congruence on T of nite index is nitely generated. To see this, let U T be a complete set of representatives for the -classes, and consider the nite subrelation consisting of all pairs in of the form fu 1 : : : u n u (1) for u 1 : : : u n u2 U and f 2 n . The relation generated by the equations (1) is surely contained in c o n versely, an easy inductive argument s h o ws that every term is equivalent to the u 2 U in its -class under the congruence generated by the equations (1). However, not every nitely generated congruence is of nite index: for example, the identity relation on T is of in nite index (assuming has at least one constant and at least one symbol of higher arity), but is generated by the empty relation. The question thus arises as to whether there is a more general version of the Myhill-Nerode theorem with \ nitely generated" in place of \ nite index".
The answer to this question is mixed. On the positive side, we formulate and prove a v ersion of the Correspondence Lemma in this more general setting. On the other hand, we construct an equivalence relation R that has no minimal re ning nitely generated congruence.
In order to formulate the rst result, we need a combinatorial structure that is to nitely generated congruences as nite tree automata are to congruences of nite index. The appropriate notion is a nite partial automaton on T . Simply stated, a nite partial automaton is just a nite partialalgebra, where a partial -algebra is like a -algebra except the distinguished operations need not be everywhere de ned. We will show h o w a nite partial automaton A uniquely determines a possibly in nite set of \states". This is done formally by a u n i v ersal algebraic construction giving a certain total extension b A of A called its free total extension. These results have a n i n teresting application to term rewriting: every ground term rewrite system has a canonical equivalent system which i s u nambiguous and in which all rules are of the form fq 1 : : : q n ! q, w h e r e q 1 : : : q n qare auxiliary constants. By canonical we mean that the system is minimal and unique up to isomorphism. The canonical system can be obtained e ectively from the original system in polynomial time. This gives a method for testing the equivalence of ground term rewrite systems over a nite signature in polynomial time.
A proof of the existence of the canonical system and a polynomial time algorithm for deriving it appeared in 10, 11] (Lemmas 24 and 25), although it was not stated in terms of term rewriting. Faster O(n log n) algorithms Let be an arbitrary but xed nite ranked alphabet. The rank of f 2 is called its arity. The set of n-ary elements of is denoted n . Nullary symbols c 2 0 are called constants. We usually use c d : : : for constants and f g : : :for function symb o l s i n o f a n y arity. The set of ground terms over is denoted T . T h e depth of a term is the length of the longest path from the root to a leaf, thinking of terms as labeled trees.
De nition 2.1 A partial -algebra (or just partial algebra for short) is a structure A = (jAj A ) where jAj is a set, called the carrier of A, a n d A assigns a partial n-ary function f A : jAj n ! jAj to each n-ary function symbol f of . By partial we mean that f A need not be everywhere de ned. We identify nullary functions c A : jAj 0 ! jAj with elements of jAj. Like functions of higher arity, c A may be unde ned.
The partial algebra A is said to be total if all functions f A are everywhere de ned. It is said to be nite if jAj is a nite set.
2
The set T Q of ground terms over the disjoint union Q, w h e r e Q is a new set of constants, with operations f T Q (t 1 : : : t n ) = ft 1 : : : t n is the free (total) -algebra on generators Q.
De nition 2.2 A congruence on a total -algebra A is an equivalence relation on jAj such t h a t f A (a 1 : : : a n ) f A (b 1 : : : b n ) w h e n e v er f 2 n and a i b i , 1 i n. If ; is a binary relation on jAj, the congruence generated by ; is the smallest congruence on jAj containing ;. For a b 2 A , w e write a b (;) and say a and b are congruent modulo ; i f a and b are equivalent modulo the congruence generated by ;. A congruence is nitely generated if it is generated by a nite subrelation.
An equivalence relation is of nite index if there are only nitely many -classes. An equivalence relation R re nes another equivalence relation S if each S-class is a union of R-classes equivalently, i f sRt implies sSt. 2
Congruences on partial algebras are de ned in 8], but for the purposes of this paper we will only need to consider congruences on T Q .
De nition 2.3 Let A and B be two partial -algebras. A (total) function h : A ! B is a partial -algebra homomorphism (or just partial homomorphism for short) if, whenever q 1 : : : q n 2 A , f 2 n , a n d f A (q 1 : : : q n ) is de ned, then f B (h(q 1 ) : : : h (q n )) is de ned and equal to h(f A (q 1 : : : q n )). We e mphasize that partial homomorphisms are always total functions.
We write A v B and say t h a t A is a partial subalgebra o f B (or weak subalgebra in the terminology of 8]) and that B is an extension of A if jAj jBj and the inclusion map A ! B is a partial homomorphism.
A partial subalgebra A of B is said to be the induced p artial subalgebra of B on Q j B j (or relative subalgebra in the terminology of 8]) if jAj = Q and for all q 1 : : : q n 2 Q and f 2 n , f A (q 1 : : : q n ) = f B (q 1 : : : q n ) whenever the right hand side is de ned and in Q. Formally, the labeling function is just the unique -algebra homomorphism : T ! A from the free -algebra T to A. By considerations of universal algebra, this homomorphism exists and is unique. A state of A is said to be accessible if it is in the image of T under , inaccessible otherwise. Thus we w ould say that the automaton A has no inaccessible states if the map is onto.
This de nition extends the usual de nition of automata on nite strings in a natural way: we can think of an automaton on strings over a nite alphabet as a tree automaton over f 2g, where 2 is a new constant and elements of are assigned arity 1 .
Equivalently, w e can de ne tree automata as term rewrite systems. This is the approach t a k en for example in 6]. Given an algebra A, w e can consider A from A is analogous to the construction of algebraic extensions of elds or of the rational numbers from the integers, where we wish to extend the structure in the freest possible way s o t h a t certain functions are de ned. We formalize this idea by the notion of free total extension of a partial algebra. Formally, free total extensions are de ned in terms of their most salient property, a universality property similar to that of free algebras. This map is also one-to-one on A, since distinct elements of A have distinct normal forms ( (q) = q for q 2 j A j ), therefore occupy distinct A -congruence classes. By a slight abuse, we m a y t h us consider A v b A.
The partial algebra A is the induced partial subalgebra of b A on jAj, s i n c e if (3) holds with q 1 : : : q n q2 A , t h e n (fq 1 : : : q n ) = (q) = q thus q fq 1 : : : q n 2 A , therefore f A (q 1 : : : q n ) exists and is equal to q.
If h : A ! B is a partial -algebra homomorphism from A to any total algebra B, then let h 0 denote the unique homomorphism T jAj ! B such that h 0 (q) = h(q) f o r q 2 j A j . 
For this purpose it su ces to show t h a t i f s t ( A ) t h e n h 0 (s) = h 0 (t). For
any equation q fq 1 : : : q n 2 A , w e h a ve t h a t f A (q 1 : : : q n ) exists and is equal to q. Then h 0 (q) = h(q) = h(f A (q 1 : : : q n )) = f B (h(q 1 ) : : : h (q n )) = f B (h 0 (q 1 ) : : : h 0 (q n )) = h 0 (fq 1 : : : q n ) : Since A is contained in the kernel of h 0 , so is the congruence generated by A . T h us s t ( A ) implies h 0 (s) = h 0 (t), and we h a ve a unique map A and b A 0 in either direction, and these must be inverses.
2
We h a ve actually shown that the construction A 7 ! b A constitutes a left adjoint to the inclusion functor from the category of total -algebras and -algebra homomorphisms to the category of partial -algebras and partial -algebra homomorphisms.
Essential Elements
To get a one-to-one correspondence in the Correspondence Lemma, we h a d to delete inaccessible states from the automaton. We w i l l h a ve t o d o t h a t here as well, but we will also have to delete other states that are inessential for the construction of the free total extension.
Intuitively, a n e l e m e n t of a total -algebra A is essential if it is a source of nonfreeness. For example, q is essential if q = f A (p) = g A (r) a n d f 6 = g, or if q = f A (q). This will imply that q must be contained in any partial subalgebra of A having A as its free total extension. Moreover, we will show that under a mild restriction on how A is generated, the induced partial subalgebra of A on the set of its essential elements has A as its free total extension. Thus the induced partial subalgebra on the essential elements of A is the unique minimal partial subalgebra of A having A as its free total extension.
A unary function jAj ! jAj is said to be de nable (in A) i f i t i s o f t h e form x:t, where x 6 2 i s a n ullary variable, t is a term over f xg, a n d the function symbols f 2 occurring in t are interpreted as f A . De nition 4.1 Let A be a total -algebra. An element q 2 A is said to be essential if any of the following ve conditions hold:
(i) q 6 = f A (q 1 : : : q n ) f o r a n y n 0, f 2 n and q 1 : : : q n 2 A (ii) q = f A (p 1 : : : p m ) = g A (q 1 : : : q n ) a n d f 6 = g (iii) q = f A (p 1 : : : p n ) = f A (q 1 : : : q n ) a n d p i 6 = q i for some i, 1 i n (iv) q = F(q) for some de nable unary function F = x:t on A, a n d t 6 = x (v) p = F(q) for some de nable unary function F on A and p is essential. A is onto. Of course, in this case the null set is also a minimal generating set. Any algebra with a nite generating set has a minimal generating set. The integers with successor give an example of an algebra with no minimal generating set.
Lemma 4.3 Let A be a total -algebra p ossessing a minimal generating set Q. Then every element of Q is essential.
Proof. Let
: T Q ! A be the canonical map in which (q) = q for q 2 Q. F or any q 2 Q, i f t h e only term t 2 T Q with q = (t) i s q itself, then q is essential by De nition 4.1(i). Otherwise, there exists an n-ary function symbol f for some n 0 and terms t 1 : : : t n 2 T Q such t h a t q = (ft 1 : : : t n ). If q occurs in some term t i , then q is essential by De nition 4.1(iv). If not, then Q ; f qg is a generating set, contradicting the assumption that Q was minimal.
2
The next theorem justi es the term \essential". It shows that the essential elements of a total algebra B must be contained in any partial subalgebra having B as its free total extension. Theorem 4. We h a ve s h o wn that jEj jAj. S i n c e E is the induced partial subalgebra of b
A on jEj and A is the induced partial subalgebra of b A on jAj (Theorem 3.2), it follows that the inclusion map E ! A is a partial -algebra homomorphism and that E is the induced partial subalgebra of A on jEj. We w i s h t o s h o w t h a t f o r a n y s t 2 T jEj , i f h 0 (s) = h 0 (t) then s t ( E ).
We show rst that if t 2 T jEj is in E -normal form and h 0 (t) = q 2 j E j , then t = q. Suppose for a contradiction that t = ft 1 : : : t n , f 2 n , a n d t is of minimum depth. Since t is in E -normal form, so are the t i , 1 i n, and q = h 0 (ft 1 : : : t n ) = f A (h 0 (t 1 ) : : : h 0 (t n )) :
By De nition 4.1(v), h 0 (t i ) 2 j E j , s a y h 0 (t i ) = q i . Since t was of minimum depth, t i = q i , 1 i n. W e t h us have q = f A (q 1 : : : q n ) thus q fq 1 : : : q n 2 E contradicting the assumption that t was in normal form.
Now let s t 2 T jEj be in E -normal form, and suppose h 0 (s) = h 0 (t).
We proceed by induction on the form of s and t.
If s = q 2 j E j , t h e n h 0 (s) = h 0 (t) = q, t h us s = t = q. The argument i s similar for t 2 j E j . Otherwise, assume neither s nor t is in jEj. and h 0 (s) 2 j E j by De nition 4.1(ii), contradicting the assumption that h 0 (s) 6 2 j E j . If s = fs 1 : : : s n and t = ft 1 : : : t n , and if some h 0 (s i ) 6 = h 0 (t i ), then we obtain a contradiction as in the previous case, using De nition 4.1(iii).
Thus we are left with the case s = fs 1 : : : s n , t = ft 1 : : : t n , a n d h 0 (s i ) = h 0 (t i ), 1 i n. By the induction hypothesis, s i t i ( E ), 1 i n, therefore s t ( E ).
If A contains a minimal generating set Q, t h e n Q E by Lemma 4.3, thus E is also a generating set. Since E also generates b E, the map h is onto in this case.
2 Corollary 4.6 Let A be a total -algebra p ossessing a minimal generating set. Up to isomorphism, the essential subalgebra EA of A is the unique minimal partial algebra having free total extension A.
The corollary is not true in general for algebras not possessing a minimal generating set. For example, consider a nonstandard model of the natural numbers with 0 and successor and the usual Peano axioms over this signature. There is no minimal set generating the nonstandard elements, and there are no essential elements. Thus the free total extension of the essential subalgebra consists of the standard natural numbers.
Partial Automata and Finitely Generated Congruences
The following theorem is our version of the Correspondence Lemma generalized to partial automata and nitely generated congruences.
Theorem 5.1 Up to isomorphism, there is a one-to-one correspondence b etween ( nitely generated) congruences on T and ( nite) partial automata over T with no inaccessible and no inessential states.
Proof. We establish a one-to-one correspondence between congruences on T and partial -algebras with no inaccessible and no inessential elements, and show that a congruence is nitely generated i its corresponding partial algebra is nite.
For a congruence on T , l e t E = E(T = ) be the essential subalgebra of the quotient T = . Since the canonical map T ! T = is onto, T = has minimal generating set . By Theorem 4.5, b E = T = therefore E has no inessential or inaccessible elements. Thus the map 7 ! E(T = )
takes congruences on T to partial -algebras with no inaccessible and no inessential elements.
Conversely, l e t A be a partial -algebra with no inaccessible and no inessential elements, and let A be the kernel of the canonical map : T ! b A. This construction gives a map A 7 ! A (5) from partial -algebras with no inaccessible and no inessential elements to congruences on T .
We n o w show that the maps (4) and (5) are inverses up to isomorphism.
For any congruence on T , l e t E = E(T = ). Then and E are the same relation, since is the unique homomorphism : T ! b E = T = : Conversely, for any partial -algebra A with no inaccessible or inessential elements, we wish to show t h a t A and E = E(T = A ) are isomorphic. A is generated by jAj, is onto. Now i f s t 2 ;, then s] = t] 2 jAj, and (s) = (t) = s]. Since the relation ; is contained in the kernel of , s o is the congruence generated by ; . T h us s t (;) implies (s) = (t).
By Theorem 4.4, the essential subalgebra E(T =;) is contained in A and is therefore nite.
2
The following theorem was essentially proved in 10] and 11, Lemma 25], to which w e refer the reader for the algorithm and proof of correctness. Theorem 5.2 ( 10, 11] ) Given any nite relation ; on T , the diagram E of E = E(T =;) can be p r oduced f r om ; in polynomial time.
By Corollary 4.6, E gives a canonical presentation of the nitely presented algebra T =;. Suppose we are given a ground term rewrite system over . Let Q b e a n e w set of auxiliary constants disjoint from . Let us call a ground term rewrite system over Q simple if all rules are of the form fq 1 : : : q n ! q, where q 1 : : : q n q2 Q and f 2 n the system is unambiguous in the sense that there are no overlapping redexes.
A system over Q is said to be equivalent to the original system over if they induce the same congruence on T . It is decidable in polynomial time whether two -algebras presented by nite sets of ground equations over are isomorphic 10, 11] : one tests whether all the de ning equations of one presentation are consequences of the de ning equations of the other presentation, and vice versa. Corollary 4.6 gives an alternative method: construct the essential subalgebras and test whether they are isomorphic.
